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C∞ agM 0 ∈ Rn #5ag�l�5rdv} εn, Mn }=q)�Æ, 9n�ag�
x1, ..., xn X�.QEag� gX�5rdv} εx,y,z, εx,y,z :q)�ÆM3,|v}M .W (H, 0) 
 R3 `�`G;5F~[hh(��, r�:, G H = {(x, y, z)|z = 0}. P
g ∈ εx,y,z +k g(0, 0, 0) = gx(0, 0, 0) = gy(0, 0, 0) = gz(0, 0, 0) = 0�O (0, 0, 0)} g5>;. P
g k+k g|H = 0,u g(x, y, 0) = 0�O� g })RQEÆ�>;�s. ,}m:QEÆ�>;�s g X�5rd} εx,y,z· < z >.' R = {Φ|Φ } (R3, 0)`5|Kw;� },O R M5U5Nd�X�)RI��};7yI [4,7],'

R
∗
H = {Φ ∈ R |Φ(x, y, z) = (Φ1(x, y, z),Φ2(x, y, z),Φ3(x, y, z)),Φ3(x, y, 0) = 0}.OR∗H 
;7yIR 5hI.z� 1 W g, h ∈ εx,y,z�N_(M Φ ∈ R∗H�`3 g = h ◦ Φ. O� g b h 
 R∗H− 7y5.|v} g ∼ h.M>;�*`5)RJ�:./5�s
)R>;�sM\,t~�7y?U>5�g�a,0%���PQ)�g�M7yI R∗H m7�5\2rT,
e?>;�*`5:
�>�, Q)�s�+Hi}:
~�#�. �+�\20e}Q$)�ag�l�,n.5 Taylor�g+k:
DR7ab�7a�Hf,EQ)0eV
^��s5�.\2R∗H · gM g#5B�{>/} T (g) = εx,y,z < xgx, ygx, zgx, xgy, ygy, zgy, zgz > .z� 2 W g ∈ εx,y,z· < z >. P εx,y,z· < z > /T (g) }:
~℄�#�{�� g
:
A~5.℄�#�{ εx,y,z· < z > /T (g)5~g�} gM εx,y,z· < z >`5A~g,v} codimg.

2 "��~���MU!d%�_s=W1A,�.�%�/51�.�	 1[4] (Nakayama1�) W A 
)R�:oEk5�lj,I } A `�:�&�_5�Æ�C-)R α ∈ I,1+ αA
 A`5�9E. xW M b N } A−3 P 5h3,C M 
:
X�5,P M ⊂ N + I · M,O M ⊂ N.�	 2 P p ∈ T (g),C T (g + tp) = T (g),C? ∀t ∈ (R, 0),O
∃ a, b ∈ εx,y,z,t < x, y, z >, c ∈ εx,y,z,t < z >`3

p(x, y, z) = a(x, y, z, t)Gx(x, y, z, t) + b(x, y, z, t)Gy(x, y, z, t) + c(x, y, z, t)Gz(x, y, z, t),=` G(x, y, z, t) = g(x, y, z) + tp(x, y, z).�	 3 P p ∈ T (g),C T (g + tp) = T (g), ∀t ∈ (R, 0),OC?L. t ∈ (R, 0),g + tpC g
R∗H 7y5.
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Q"R1�5W1I�	 [1,2]�Z2s5W1u�.�	 4 W g ∈ εx,y,z· < z >
:
A~5CA~g)? 0�O(MiJg l ≥ 1,`3 g��b}
g = z[h + k],=` h ∈ εx,y C hZ? x, y
 (l − 1)�<p5,k ∈ εx,y,z < z >.� 0} g ∈ εx,y,z < z >,m+(M f ∈ εx,y,z ` g(x, y, z) = z f (x, y, z),O

gz(x, y, z) = f (x, y, z) + z fz(x, y, z).> gz(0, 0, 0) = f (0, 0, 0) = 0 ,Y f ∈Mx,y,z.'
k(x, y, z) = f (x, y, z) − f (x, y, 0), h(x, y) = f (x, y, 0),∀(x, y) ∈ (R2, 0),,},k(x, y, z) ∈ εx,y,z < z >,C h(x, y) ∈Mx,y.�/W1(MiJg l ≥ 1`3 h ∈Mx,y 
 l − 1�<p5.'

W = T (g) = εx,y,z < xgx, ygx, zgx, xgy, ygy, zgy > +εx,y,z < zgz > .0} (x,y,z)=zf(x,y,z),m+
gx = z fx, gy = z fy, gz = f + z fz,

T (g) = εx,y,z < zx fx, zy fx, z2 fx, zx fy, zy fy, z2 fy > +εx,y,z < z f + z2 fz >

= εx,y,z < z > (< x fx, y fx, z fx, x fy, y fy, z fy > +εx,y,z < f + z fz >)

= εx,y,z < z > (< x fx, y fx, z fx, x fy, y fy, z fy, f + z fz >),0%�εx,y,z· < z > /T (g) = εx,y,z/T1( f ),=` T1( f ) = εx,y,z < xgx, ygx, zgx, xgy, ygy, zgy, zgz > .0} g
:
A~5,m+ T1( f )M εx,y,z `
:
A~5h�{.' i∗ : εx,y,z → εx,y }�`5U i : (R2, 0) → (R3, 0), ı(x, y) = (x, y, 0) =/5wo
i∗,forall h∈ εx,y,z, i∗(h)(x, y) = h ◦ i(x, y) = h(x, y, 0),O ∀λ ∈ εx,y, λ(x, y) ∈ R, m h(x, y, z) =

λ(x, y), O h ∈ εx,y,z, i∗(h)(x, y) = h(x, y, 0) = λ(x, y), Qi1 i∗ 
+wo,?
 i∗ � εx,y,z `5A~:
5h�{5} εx,y `A~:
5h�{,r�,

i∗(x fx) = x fx(x, y, 0) = xhx, i∗(y fx) = x fx(x, y, 0) = yhx, i∗(z fx) = 0,

i∗(x fy) = x fy(x, y, 0) = xhy, i
∗(y fy) = y fy(x, y, 0) = yhy, i

∗(z fy) = 0,

i∗( f + z fz) = f (x, y, 0) = h,?
 i∗(T1( f )) =< h, xhx, yhx, xhy, yhy > εx,y = T2(h) ⊂ εx,y 
 εx,y `5�Æ. 0%9 T1( f )M
εx,y,z `5A~:
,�3 i∗(T1( f ))M εx,y `A~:
.
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9�	 [4] `x*Z(Mm ≥ 1s.t.M m
x,y ⊂ T2(h),'E(M ai j ∈ εx,y, i, j = 0, 1, 2, · · · ,m,`

xm
= a01h + a02xhx + a03yhx + a04xhy + a05yhy,

xm−iy = ai1h + ai2xhx + ai3yhx + ai4xhy + ai5yhy, i = 1, 2, · · · ,m,�J h(0, 0) = 0,�� hM (0, 0)#5T�/{ j0h(0), j1h(0), j2h(0), · · · , jmh(0)Z,(MiJg l,`3 j0h(0, 0) = j1h(0, 0) = · · · = jl−1h(0, 0) = 0, jlh(0, 0) , 0.u hZ? x, y
 l− 1<p5.Q[ g(x, y, z) = z f (x, y, z) = z( f (x, y, z) − f (x, y, 0)+ f (x, y, 0) = z(k(x, y, z) + h(x, y)),C h(x, y)
 l − 1�<p5.W�.�	 5 W g ∈ εx,y,z < z >
:
A~5, g(x, y, z) = z f = z(h + k), h, k N1� 4,O
(1)T (g) ⊂<M l

x,y, z > εx,y,z < z >, codimg ≥ l(l+1)
2 .

(2). l = 1[,T1( f ) =Mx,y,z, T (g) =Mx,y,zεx,y,z < z >=Mx,y,z , codimg = 1;

(3). l ≥ 2[,T (g) ⊂M 2
x,y,z · εx,y,z < z >, codimg ≥ l(l+1)

2 ;

(4). l = 2[,

(i). q(0) = 0[,codimg ≥ 4;

(ii). q(0) , 0[ ,















hxx(0)hyy(0)− h2
xy(0) , 0, codimg = 3;

hxx(0)hyy(0)− h2
xy(0) = 0, codimg ≥ 4.� �� g5B�{5r;�u�) T2(h) =< h, xhx, yhx, xhy, yhy > εx,y,

g(x, y, z) = z f (x, y, z) = z(h(x, y) + zq(x, y, z)), h(x, y) 
 l − 1�<p5,u
l ≥ 1, h ∈M

l
x,y, f (x, y, z) = h(x, y) + zq(x, y, z),

fx = hx + zqx, fy = hy + zqy, fz = zqz + q(x, y, z),

x fx = xhx + xzqx ∈M
l
x,y +M

2
x,y,z, y fx = yhx + yzqx ∈M

l
x,y +M

2
x,y,z,

z fx = zhx + z2qx ∈M
l
x,y +M

2
x,y,z, z fy = zhy + z2qy ∈M

l
x,y +M

2
x,y,z,

x fy = xhy + xzqy ∈M
l
x,y +M

2
x,y,z, y fy = yhy + yzqy ∈M

l
x,y +M

2
x,y,z,

f + z fz = h + 2zq + z2qz ∈<M
l
x,y, z >,m+ T1( f )M εx,y,z `5A~g ≥ l(l+1)

2 .Y T (g)5A~g ≥ l(l+1)
2 ,u (1)�!.�/W1 (2).. l = 1[,O h(x, y) = hx(0)x + hy(0)y + · · · , hx(0), hy(0)�w[} 0.

f (x, y, z) = hx(0)x + hy(0)y + hxx(0)x2
+ 2hxy(0)xy + hyy(0)y2

+ · · · + zq(0)+ zxqx(0)+ zyqy(0)+ z2qz(0)+ · · · ,

fx(x, y, z) = hx(0)+ 2xhxx(0)+ 2yhxy(0)+ zqx(0)+ · · · ,

fy(x, y, z) = hy(0)+ 2xhxy(0)+ 2yhyy(0)+ zqy(0)+ · · · ,
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fz(x, y, z) = q(0)+ xqx(0)+ yqy(0)+ 2zqx(0)+ · · · ,

x fx(x, y, z) = xhx(0)+ 2x2hxx(0)+ 2xyhxy(0)+ xzqx(0)+ · · · ,

y fx(x, y, z) = yhx(0)+ 2xyhxx(0)+ 2y2hxy(0)+ zyqx(0)+ · · · ,

z fx(x, y, z) = zhx(0)+ 2zxhxx(0)+ 2zyhxy(0)+ z2qx(0)+ · · · ,

x fy(x, y, z) = xhy(0)+ 2x2hxy(0)+ 2xyhyy(0)+ 2xzqy(0)+ · · · ,

y fy(x, y, z) = yhy(0)+ 2xyhxy(0)+ 2y2hyy(0)+ 2yzqy(0)+ · · · ,

z fy(x, y, z) = zhy(0)+ 2xzhxy(0)+ 2zyhyy(0)+ 2z2qy(0)+ · · · ,

f (x, y, z) + z fz(x, y, z) = xhx(0)+ yhy(0)+ x2hxx(0)+ 2xyhxy(0)+ y2hyy(0)+ zq(0)

+zxqx(0)+ zyqy(0)+ z2qz(0)+ zq(0)+ xzqx(0)+ zyqy(0)+ 2z2qx(0)+ · · · .M,"W T1( f ) ⊂Mx,y,z,�/%WMx,y,z ⊂ T1( f ),9 Nakayama1�,\%WMx,y,z ⊂

T1( f ) +M 2
x,y,z,}%,\% T1( f )5X�E�HF&s=+T5�, 75X�E�b&��&s 1:

x y z

x fx hx(0)

y fx hx(0)

z fx hx(0)

x fy hy(0)

y fy hy(0)

z fy hy(0)

f + z fz hx(0) hy(0) q(0). hx(0), hy(0)�w[} 0[��* q(0)
M} 0,� 1`EkX��S5^�} 3,u
x, y, z�+�b� T1( f )5X�E5�a,Y:Mx,y,z ⊂ T1( f )+M 2

x,y,z,'E:Mx,y,z ⊂ T1( f ),9%3 T1( f ) =Mx,y,z,>Mx,y,z M εx,y,z 5A~g
 1.Y codimg = codimT1( f ) = 1.

(3) . l ≥ 2, q(0) , 0 [,codimg ≥ l(l+1)
2 . f (x, y, z) = h(x, y) + zq(0) + zxqx(0) +

zyqy(0)z2qz(0)+ · · · , fx = hx + zqx(0)+ · · · , fy = hy + zqy(0)+ · · · , fz = q(0)+ xqx(0)+ · · · ,M,"W T1( f ) ⊂<M l
x,y, z > εx,y,z,E <M l

x,y, z > εx,y,z M εx,y,z `5A~g ≥ l(l+1)
2 .

(4). l = 2, q(0) = 0,[,C h(x, y) = x2hxx(0)+ 2xyhxy(0)+ y2hyy(0)+ · · · :Z.

q(x, y, z) = xqx(0)+ yqy(0)+ zqz(0)+ · · · ,
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f (x, y, z) = h(x, y)+zq(x, y, z) = x2hxx(0)+2xyhxy(0)+y2hyy(0)+xzqx(0)+yzqy(0)+z2qz(0)+· · · ,

fx(x, y, z) = 2xhxx(0)+ 2yhxy(0)+ zqx(0)+ · · · ,

fy(x, y, z) = 2xhxy(0)+ 2yhyy(0)+ zqy(0)+ · · · ,

fz(x, y, z) = xqx(0)+ yqy(0)+ 2zqz(0)+ · · · ,

x fx(x, y, z) = 2x2hxx(0)+ 2xyhxy(0)+ xzqx(0)+ · · · ,

y fx(x, y, z) = 2xyhxx(0)+ 2y2hxy(0)+ zyqx(0)+ · · · ,

z fx(x, y, z) = 2zxhxx(0)+ 2zyhxy(0)+ z2qx(0)+ · · · ,

x fy(x, y, z) = 2x2hxy(0)+ 2xyhyy(0)+ xzqy(0)+ · · · ,

y fy(x, y, z) = 2xyhxy(0)+ 2y2hyy(0)+ yzqy(0)+ · · · ,

z fy(x, y, z) = 2xzhxy(0)+ 2zyhyy(0)+ z2qy(0)+ · · · ,

f (x, y, z)+ z fz(x, y, z) = x2hxx(0)+ 2xyhxy(0)+ y2hyy(0)+ 2xzqx(0)+ 2yzqy(0)+ 3z2qz(0)+ · · · ,�J,T1( f ) ⊂M 2
x,y,z,?
 codimg = codim f ≥ codimM 2

x,y,z = 4.. l = 2, q(0) , 0[,

h(x, y, z) = x2hxx(0)+2xyhxy(0)+y2hyy(0)+· · · , q(x, y, z) = q(0)+xqx(0)+yqy(0)+zqz(0)+· · · ,

f (x, y, z) = h(x, y) + zq(x, y, z) = zq(0)+ x2hxx(0)+ 2xyhxy(0)+ y2hyy(0)+

xzqx(0)+ yzqy(0)+ z2qz(0)+ · · · ,

fx(x, y, z) = 2xhxx(0)+ 2yhxy(0)+ zqx(0)+ · · · , fy(x, y, z) = 2xhxy(0)+ 2yhyy(0)+ zqy(0)+ · · · ,

fz(x, y, z) = q(0)+ xqx(0)+ yqy(0)+ 2zqz(0)+ · · · ,

x fx(x, y, z) = 2x2hxx(0)+ 2xyhxy(0)+ xzqx(0)+ · · · ,

y fx(x, y, z) = 2xyhxx(0)+ 2y2hxy(0)+ zyqx(0)+ · · · ,

z fx(x, y, z) = 2zxhxx(0)+ 2zyhxy(0)+ z2qx(0)+ · · · ,

x fy(x, y, z) = 2x2hxy(0)+ 2xyhyy(0)+ xzqy(0)+ · · · ,

y fy(x, y, z) = 2xyhxy(0)+ 2y2hyy(0)+ yzqy(0)+ · · · ,

z fy(x, y, z) = 2xzhxy(0)+ 2zyhyy(0)+ z2qy(0)+ · · · ,

f (x, y, z) + z fz(x, y, z) = 2zq(0)+ x2hxx(0)+ 2xyhxy(0)+ y2hyy(0)

+2xzqx(0)+ 2yzqy(0)+ 3z2qz(0)+ · · · .
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M,"W T1( f ) ⊂<M 2
x,y, z >,�/%W1 <M 2

x,y, z >⊂ T1( f ). 9 Nakayama1�\%W <M 2
x,y, z >⊂ T1( f ) +Mx,y,z <M 2

x,y, z >,>Mx,y,z <M 2
x,y, z >=Mx,y,z < x2, xy, y2, z >=<

x3, x2y, x2z, xy2, y3, xz, yz, z2, xyz > �.� T1( f ) 5X�E�H Mx,y,z < M 2
x,y, z > `Eke7 <M 2

x,y, z >5X�E�b&�� 2. s 2:

x2 xy y2 z

x fx 2hxx(0) 2hxy(0)

y fx 2hxx(0) 2hxy(0)

z fx

x fy 2hxy(0) 2hyy(0)

y fy 2hxy(0) 2hyy(0)

z fy

f + z fz hxx(0) 2hxy(0) hyy(0) 2q(0)��� 2`5�S5^,. hxx(0) , 0[,



























































2hxx(0) 2hxy(0) 0 0

0 2hxx(0) 2hxy(0) 0

2hxy(0) 2hyy(0) 0 0

0 2hxy(0) 2hyy(0) 0

hxx(0) 2hxy(0) hyy(0) 2q(0)



























































−→



























































hxx(0) hxy(0) 0 0

0 hxx(0) hxy(0) 0

0 hyy(0)−
h2

xy(0)
hxx(0) 0 0

0 hxy hyy 0

0 2hxy(0) hyy(0) 2q(0)



























































−→



























































hxx(0) hxy(0) 0 0

0 hxx(0) hxy(0) 0

0 hyy(0)−
h2

xy(0)
hxx(0) 0 0

0 hxy(0) hyy(0) 0

0 0 0 2q(0)



























































−→





























































hxx(0) hxy(0) 0 0

0 hxx(0) hxy(0) 0

0 hyy(0)−
h2

xy(0)
hxx(0) 0 0

0 0 hyy(0)−
h2

xy(0)
hxx(0) 0

0 0 0 q(0)




























































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9%�3,P hxx(0) , 0,O
(a) hxx(0)hyy(0) − h2

xy(0) , 0, Te�S5^} 4, ?
 T1( f ) =< M 2
x,y, z >, codimg =

codim f = 3;

(b) hxx(0)hyy(0)− h2
xy(0) = 0,Te�S�i}



























































hxx hxy 0 0

0 hxx hxy 0

0 0 0 0

0 0 0 0

0 0 0 2q(0)



























































,O�S5^} 3, T1( f )  <M 2
x,y, z >,Q[ codimg ≥ 4.w��W, P hxx(0) , 0, (:Te�*�!. P hxx(0) = hyy(0) = 0, - hxy(0) , 0, O

hxx(0)hyy(0) − h2
xy(0) , 0, Q[� 2`�S5^-} 4,?
 T1( f ) =< M 2

x,y, z >, codimg =

codim f = 3.0%�3�*�!.z	 P g(x, y, z) ∈ εx,y,z· < z >C codimg ≤ 3,O g �C�&�g�a[)7y.�g�a A~g ^�t~
g(x, y, 0) = 0,

g1(x, y, z) = z 0 gz(0, 0, 0) , 0(J>;).

g(x, y, 0) = gz(0, 0, 0) = 0,

g2(x, y, z) = xz 1 gzx(0, 0, 0), gzy(0, 0, 0)�w[}0.

g(x, y, 0) = gz(0, 0, 0) =

g3(x, y, z) = z(z + x2
+ y2) 3 gzx(0, 0, 0) = gzy(0, 0, 0) = 0,

gzxx(0, 0, 0)gzyy(0, 0, 0)− g2
zxy(0, 0, 0) > 0.

g(x, y, 0) = gz(0, 0, 0) =

g4(x, y, z) = z(z + x2 − y2) 3 gzx(0, 0, 0) = gzy(0, 0, 0) = 0,

gzxx(0, 0, 0)gzyy(0, 0, 0)− g2
zxy(0, 0, 0) < 0.�� �W g ∈ εx,y,z < z >,C codimg ≤ 3,O91� 4Z�g��b}

g = z f = z(h(x, y) + zq(x, y, z)),=` h ∈ M l
x,y, q ∈ εx,y,z, 91� 5,codimg ≥ l(l+1)

2 , E�.q*5Æ�>;5A~g ≤ 3, Y
l ≤ 2.. l = 1[,g�:�a g1(x, y, z) = z(a1x + a2y + zq(x, y, z)), a1, a2 ∈ R, a1, a2 �w[}
0.Q[

f1(x, y, z) = a1x + a2y + zq(x, y, z),1x (x, y, z) = a1 + zqx(x, y, z),

8



f1y(x, y, z) = a2 + zqy(x, y, z),1z (x, y, z) = q(x, y, z) + zqz(x, y, z),

x f1x(x, y, z) = xa1 + xzqx(x, y, z),1x (x, y, z) = ya1 + yzqx(x, y, z),

z f1x(x, y, z) = za1 + z2qx(x, y, z),1y (x, y, z) = xa2 + xzqy(x, y, z),

y f1y(x, y, z) = ya2 + yzqy(x, y, z),1y (x, y, z) = za2 + z2qy(x, y, z),

f1(x, y, z) + z f1z(x, y, z) = a1x + a2y + 2zq(x, y, z) + z2qz(x, y, z).�J�x f1x, y f1x, z f1x, x f1y, y f1y, z f1y, f1+z f1z ∈Mx,y,z,u T1( f ) ⊂Mx,y,z.�/WMx,y,z ⊂

T1( f ),9 Nakayama1�,\%W
Mx,y,z ⊂ T1( f )+ <M

2
x,y, z >,}%�.� T1( f )X�EH=M 2

x,y,z `5�e7Mx,y,z `5X�E�b�&�� 3N�.s 3:

x y z

x f1x a1

y f1x a1

z f1x a1

x f1y a2

y f1y a2

z f1y a2

f1 + z f1z a1 a2 2q(0)9? a1, a2 �w[} 0,�* q(0)
M} 0,�:Te�`5�S^} 3 ,'E3 x, y, z�9 T1( f1) `5X�E�b,YMx,y,z ⊂ T1( f1),'E:Mx,y,z = T1( f1), u T (g) =Mx,y,z <

z >, codimg = 1.v p = z2q(x, y, z),O p ∈ T (g) =Mx,y,z < z >,C
g1(x, y, z) = a1xz + a2yz + p = N1 + p,=` N1 = a1xz + a2yz = z(a1x + a2y), n1 = a1x + a2y,O

n1x = a1, n1y = a2, n1z = 0, xn1x = xa1, yn1x = ya1, zn1x = za1,

xn1y = xa2, yn1y = ya2, zn1y = za2, n1 + zn1z = n1 = a1x + a2y,Y: T1(n1) = Mx,y,z, Qi1 T (N1) = Mx,y,z < z >= T (N1 + P) = T (g1), 91� 3 Z
g1 ∼ N1 = (a1x + a2y)z. M R3 �{mN�n��l, �� z 
��M xy </Tm)>�B�fe3 g ∼ axz,LP� x
T5B#�B,�3 g ∼ xz.

9



. l = 2 [,q(0) , 0, hxx(0)hyy(0) − h2
xy(0) , 0 [, 91� 5 Z codimg = 3. �.K

hxx(0) , 0, n hyy(0) , 0, b hxx(0) = hyy(0) = 0, hxy(0) , 0"aE�
�q*. 0}Q[
T1( f ) =<M 2

x,y, z >, T (g) = εx,y,z < z ><M 2
x,y, z >= εx,y,z <M 2

x,y · z, z
2 >,

f (x, y, z) = zq(0)+ x2hxx(0)+ 2xyhxy(0)+ y2hyy(0)

+ xzqx(0)+ yzqy(0)+ z2qz(0)+ · · · ,

g(x, y, z) = z(zq(0) + x2hxx(0)+ 2xyhxy(0)+ y2hyy(0)

+ xz2qx(0)+ yz2qy(0)+ z3qz(0)+ · · · ).v f2(x, y, z) = zq(0)+ x2hxx(0)+ 2xyhxy(0)+ y2hyy(0),O
f2x(x, y, z) = 2xhxx(0)+ 2yhxy(0),2y (x, y, z) = 2xhxy(0)+ 2yhyy(0),

f2z(x, y, z) = q(0),2x (x, y, z) = 2x2hxx(0)+ 2xyhxy(0),

y f2x(x, y, z) = 2xyhxx(0)+ 2y2hxy(0),2x (x, y, z) = 2xzhxx(0)+ 2yzhxy(0),

x f2y(x, y, z) = 2x2hxy(0)+ 2xyhyy(0), y f2y(x, y, z) = 2xyhxy(0)+ 2y2hyy(0),

z f2y(x, y, z) = 2zxhxy(0)+ 2yzhyy(0),

f2(x, y, z) + z f2z(x, y, z) = 2zq(0) + x2hxx(0)+ 2xyhxy(0)+ y2hyy(0),�J, T1( f2) ⊂<M 2
x,y, z >,9 Nakayama1�,%W <M 2

x,y, z >⊂ T1( f2),\%W
<M

2
x,y, z >⊂ T1( f2) +Mx,y,z <M

2
x,y, z > .}%� T1( f2) `5X�E�H Mx,y,z < M 2

x,y, z > `5�e7 < M 2
x,y, z > 5X�E�b&�� 4.� 4`�S5^7?�/�S5^,



























































hxx(0) hxy(0) 0 0

0 hxx(0) hxy(0) 0

hxy(0) hyy(0) 0 0

0 hxy(0) hyy(0) 0

hxx(0) 2hxy(0) hyy(0) 2q(0)



























































−→



























































hxx(0) hxy(0) 0 0

0 hxx(0) hxy(0) 0

hxy(0) hyy(0) 0 0

0 hxy(0) hyy(0) 0

0 0 0 2q(0)



























































,

. hxx(0) , 0[,













































hxx(0) hxy(0) 0

0 hxx(0) hxy(0)

hxy(0) hyy(0) 0

0 hxy(0) hyy(0)













































−→















































hxx(0) hxy(0) 0

0 hxx(0) hxy(0)

0 hyy(0)−
h2

xy(0)
hxx(0) 0

0 0 hyy(0)−
h2

xy(0)
hxx(0)














































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s 4:

x2 xy y2 z

x f2x 2hxx(0) 2hxy(0)

y f2x 2hxx(0) 2hxy(0)

z f2x

x f2y 2hxy(0) 2hyy(0)

y f2y 2hxy(0) 2hyy(0)

z f2y

f2 + z f2z hxx(0) 2hxy(0) hyy(0) 2q(0)

−→













































1 0 0

0 1 0

0 0 1

0 0 0













































.. hyy(0) , 0[,













































hxx(0) hxy(0) 0

0 hxx(0) hxy(0)

hxy(0) hyy(0) 0

0 hxy(0) hyy(0)













































−→

















































hxx(0)−
h2

xy(0)
hyy(0) 0 0

0 hxx(0)−
h2

xy(0)
hyy(0) 0

hxy(0) hyy(0) 0

0 hxy(0) hyy(0)

















































−→













































1 0 0

0 1 0

0 0 1

0 0 0













































,P hxx(0) = hyy(0) = 0, hxy(0) , 0,













































hxx(0) hxy(0) 0

0 hxx(0) hxy(0)

hxy(0) hyy(0) 0

0 hxy(0) hyy(0)













































−→













































0 hxy(0) 0

0 0 hxy(0)

hxy(0) 0 0

0 hxy(0) 0













































−→













































1 0 0

0 1 0

0 0 1

0 0 0













































.�*
aE� ,� 4`�S5^�} 4 ,=9�S(M ,Qi1 < M 2
x,y, z > 5X�E
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�+7 T1( f2)�b ,Y T1( f2) =<M 2
x,y, z >, T (z f2) = ε(x, y, z) < z ><M 2

x,y, z >= T (z f2 + P),=` P = xz2qx(0) + yz2qy(0) + z3qz(0) + · · · ∈ T (g). 91� 3Z g ∼ z f2(x, y, z) = z(zq(0) +

x2hxx(0)+ 2xyhxy(0)+ y2hyy(0)) ∼ z(z + x2hxx(0)+ 2xyhxy(0)+ y2hyy(0)),?
9��+gZ. hxx(0)hyy(0)− h2
xy(0) > 0,[ g ∼ z(z + x2

+ y2),. hxx(0)hyy(0)− h2
xy(0) < 0,[ g ∼ z(z + x2 − y2).�/\%P!�35^�t~.E� 1 l = 1, g = z(h(x, y)+zq(x, y, z)), hx(0), hy(0)�w[} 0, gz = h(x, y)+2zq(x, y, z)+

z2qz(x, y, z), gzx(0) = hx(0), gzy(0) = hy(0),. gzx(0), gzy(0)�w[} 0[,g ∼ xz.E� 2 l = 2,. g(x, y, 0) = 0, gz(0) = 0, gzx(0) = 0, gzy(0) = 0, gzx = hx + 2zqx + z2qzx,

gzy = hy+2zqy+z2qzy, gzxx = hxx+2zqxx+z2qzxx, gzxy = hxy+2zqxy+z2qzxy, gzyy = hyy+2zqyy+

z2qzyy, gzxx(0) = hxx(0), gzxy(0) = hxy(0), gzyy(0) = hyy(0),m+,. gzxx(0)gzyy(0)− g2
zxy(0) > 0,[,. g ∼ z(z + x2

+ y2), gzxx(0)gzyy(0)− g2
zxy(0) < 0,[ g ∼ z(z + x2 − y2).
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